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ABSTRACT: We give a detailed account and extensions of a holographic flavor supercon-
ductivity model which we have proposed recently. The model has an explicit field theory
realization as strongly coupled N/ = 2 Super Yang-Mills theory with fundamental matter
at finite temperature and finite isospin chemical potential. Using gauge/gravity duality,
i.e. a probe of two flavor D7-branes in the AdS black hole background, we show that
the system undergoes a second order phase transition with critical exponent 1/2. The
new ground state may be interpreted as a p meson superfluid. It shows signatures known
from superconductivity, such as an infinite dc¢ conductivity and a gap in the frequency-
dependent conductivity. We present a stringy picture of the condensation mechanism in
terms of a recombination of strings. We give a detailed account of the evaluation of the
non-Abelian Dirac-Born-Infeld action involved using two different methods. Finally we
also consider the case of massive flavors and discuss the holographic Meissner-Ochsenfeld
effect in our scenario.
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Figure 1. Phase diagram for fundamental matter in thermal strongly-coupled N' = 2 SYM the-
ory [32], with p the isospin chemical potential, M, the bare quark mass, M = 2Mq)\_1/2, A the 't
Hooft coupling and T' the temperature: In the blue shaded region, mesons are stable. In the white
and green regions, the mesons melt. Here the new phase is stabilized while it was unstable in [32].
In this phase we find some features known from superconductivity.

1 Introduction and summary

Gauge/gravity duality has been used very successfully over the past years to obtain models
with properties very similar to experimentally observed phenomena in both elementary and
condensed matter physics. This is due to the fact that gauge/gravity duality is a powerful
tool to compute observables of field theories at strong coupling [1]. In view of applications,
it is particularly useful to turn on a temperature using an AdS black hole as gravity dual, as
first proposed in [2]. In particular, gauge/gravity duality models which exhibit properties
known from superconductivity have recently been constructed [3-22].

In this context we have recently proposed a model which represents a stringy realization
of superconductivity in a relativistic framework [14]. The aim of the present paper is to give
a detailed account of the setup and calculations involved in obtaining the results of [14],
as well as further new results.

Our model is based on embedding a probe of two coincident D7 branes into the AdS-
black hole background, which extends the original correspondence to a field theory with
flavor degrees of freedom in the fundamental representation of the gauge group, along the
lines of [23-25]. Using this approach, the correspondence has also been applied to finite
flavor charge densities [26-32]. A finite charge density for the flavor symmetry is obtained
by giving a vev to the time component of the gauge field on the D7 brane probe. In [32],
a finite SU(2) isospin density d was considered using a probe of two coincident D7 branes
and switching on a gauge field A = A3dzoo® on the probe. At high isospin densities
d > d_, this configuration becomes unstable against gauge field fluctuations X = a' + ia?
and Y = a' —ia?, corresponding to vector mesons [33] in the field theory (see figure 1)
(see [34] for an early discussion of a similar instability). Note that we use capital letters
for the background and small letters for the fluctuations.



The central result obtained in this model [14] is that there is a solution to the equation
of motion for the field on the two flavor branes, which in addition to the finite isospin
density has a further vev of the form A%dxgal. This solution has lower free energy in the
new phase shown in figure 1 and stabilizes this phase. This applies at least to stability
against the fluctuations X and Y. Moreover we find that this phase has properties of a
superconductor, such as a second order phase transition with a critical exponent of 1/2.
The flavor current, which is analogous to the electromagnetic current, displays infinite dc
conductivity and a gap in the frequency-dependent conductivity. Furthermore, there is
a dual string-theoretical picture of the Cooper pairs, as well as dynamical generation of
meson masses.

The stabilization mechanism encountered in this context is related to the results of [35].
Within the Sakai-Sugimoto model, a vev of the form Aldzzo! was considered in [36] in
the context of p meson condensation. To obtain a p-wave superconductor within a phe-
nomenological AdS/QCD model, a vev of the form Aldrzo! was first used in [7]. Note
that in our model the equations of motion forbid a source term for A%, i.e. the breaking of
the U(1) is spontaneous.

The results presented here can be interpreted in two different ways. On the one
hand, our results provide an important link between gauge/gravity with flavor and the
recent gauge/gravity realizations of superconducting states e.g. in [3, 7, 13|, as well as
a realization of a superconducting current from a top-down (super-)gravity model, rather
than in a phenomenological bottom-up AdS/QCD model. Moreover, the degrees of freedom
in the dual field theory are identified explicitly.

On the other hand, our holographic description can also be considered as a realization
of a meson superfluid. In the model presented here, the p mesons form a superfluid. In
QCD like theories, p meson condensation is discussed in [37, 38]. The corresponding picture
is that the mesons move through the quark-gluon plasma without friction. Similarly, the
absorption rate for radiation should be reduced for a specific frequency range [39]. For
pions, similar results have been found within QCD: There are analytical results for small
and very large isospin chemical potential using the chiral Lagrangian [40, 41], as well as
lattice results [42]. Unlike the lattice results, the results presented here can easily be
generalized to finite baryon chemical potential. A pion superfluid was obtained within
gauge/gravity duality in [18].

Let us compare our results to QCD. In QCD, the pion condensate is of course the
natural state in isospin asymmetric matter. The condensation of a particle sets in if
the isospin chemical potential is larger than the mass of this particle. According to this
rule, the pions condense first in QCD since they are the Nambu-Goldstone bosons of the
spontaneous chiral symmetry breaking and therefore the lightest particles. However the
dual field theory which we consider in this letter is supersymmetric at zero temperature
and therefore chiral symmetry cannot be broken spontaneously. In this supersymmetric
theory, the vector and scalar mesons have the same mass at zero temperature. Due to
finite temperature effects, the mass of the vector and scalar mesons can become different
as we increase the temperature. It is a priori unclear which particle will condense. In our
model we checked that the vector mesons condense first such that the p-meson condensation



state, which we consider in this paper, is the physical ground state of our system near the
phase transition.

In this paper we explain in detail the method used for evaluating the non-Abelian Dirac-
Born-Infeld action involved. Moreover we give a detailed account of our results for finite
quark mass and the derivation of the Meissner effect. Results similar to ours have also been
obtained in [15] shortly after [14]. However there the non-abelian DBI action is considered
only to second order in o/. Some of the features discussed here are also present in [15]:
a second order phase transition as well as a gap in the frequency-dependent conductivity.
However, since higher order terms in o/ are not taken into account in [15], these authors
are not able to see higher order excitations in the frequency-dependent conductivity. Here
we identify these higher order peaks with meson resonances.

Moreover, we give a string-theoretical interpretation of the formation of a supercon-
ducting state of lower free energy: Essentially the condensation process corresponds to a
recombination of strings. The detailed picture is as follows: A small isospin density cor-
responds to strings stretching from the D7 branes to the horizon [26], the horizon strings.
These are located close to the horizon. Increasing the isospin density, the horizon strings
strongly charge one of the D7 branes positively near the horizon, and the other negatively.
At a critical value, it becomes energetically favorable for the horizon strings to recombine
into D7-D7 strings which are free to move into the bulk and therefore lower the charge
density near the horizon. The D7-D7 strings form the superconducting condensate. Thus
they provide a picture of strongly coupled holographic Cooper pairs. Note that for the
construction considered the non-Abelian structure generated by the two D7-branes is es-
sential since it provides a charged condensate. The non-Abelian forces play an important
role for stabilizing the condensate.

This paper is organized as follows: We begin with describing the field-theory action
in section 2. We then explain the dual supergravity setup in section 3. In particular, we
contrast and compare two different approaches to evaluating the non-Abelian DBI action
involved. These are an adapted symmetrized trace prescription and the expansion of the
DBI action to fourth order. We frequently refer to these approaches as prescriptions. We
then explain the string-theoretical picture in detail in section 4. Then we describe the
thermodynamics of the phase transition in 5, and in particular show that it is second order
with critical exponent 1/2. In 6 we evaluate the fluctuations, again in the two different
approaches for the non-abelian DBI action. We calculate the frequency-dependent conduc-
tivity and show it displays the expected gap. Moreover we check that while the normal
phase was unstable with respect to the fluctuations in X and Y, the superconducting
phase is now stable with respect to these fluctuations. Finally we show in 7 that our sys-
tem displays a Meissner-Ochsenfeld effect. We conclude with a collection of remarks and
suggestions in 8.

2 Field theory interpretation

In this paper we will focus on a 34+1 — dimensional N' = 2 supersymmetric SU(N,) Yang-
Mills theory at temperature T', consisting of a N = 4 gauge multiplet as well as N massive



N = 2 supersymmetric hypermultiplets (1;, ¢;). The hypermultiplets give rise to the flavor
degrees transforming in the fundamental representation of the gauge group. The action is
written down explicitly for instance in [43]. In particular, we work in the large N, limit
with Ny < N, at strong coupling, i.e. with A > 1, where \ = g2 Ve is the 't Hooft
coupling constant. In the following we will consider only two flavors, i.e. Ny = 2. The
flavor degrees of freedom are called u and d. If the masses of the two flavor degrees are
degenerate, the theory has a global U(2) flavor symmetry, whose overall U(1)5 subgroup
can be identified with the baryon number.

In the following we will consider the theory at finite isospin chemical potential p, which
is introduced as the source of the operator

J§ o Yo’y + ¢ 0o = ny — ng (2.1)

where n, /4 is the charge density of the isospin fields, (¢u,¢q) = ¢ and (Yu, ) = .
o' are the Pauli matrices. A non-zero vev (J3) introduces an isospin density as discussed
in [32]. The isospin chemical potential p explicitly breaks the U(2) ~ U(1)p x SU(2); flavor
symmetry down to U(1)p x U(1)3, where U(1)3 is generated by the unbroken generator o3
of the SU(2);. Under the U(1)3 symmetry the fields with index u and d have positive and
negative charge, respectively.

However, the theory is unstable at large isospin chemical potential [32]. The new
phase is sketched in figure 1. We show in this paper (see also [14]), that the new phase is

stabilized by a non-vanishing vacuum expectation value of the current component

J3 o halyzih + ¢ol 03¢ = Yuy3iba + aysby + bosons. (2.2)

This current component breaks both the SO(3) rotational symmetry as well as the remain-
ing Abelian U(1)3 flavor symmetry spontaneously. The rotational SO(3) is broken down to
SO(2)3, which is generated by rotations around the 2% axis. Due to the non-vanishing vev
for JZ}, flavor charged vector mesons condense and form a superfluid. Let us emphasize that
we do not describe a color superconductor on the field theory side, since the condensate is
a gauge singlet.

Moreover, our results have a condensed matter interpretation: Our model can be con-
sidered as a holographic p-wave superconductor. The global U(1)s in our model is the
analog of the local U(1)ey symmetry of electromagnetic interactions. So far in all holo-
graphic models of superconductors the breaking of a global symmetry on the field theory
side is considered. In our model, the current J3 corresponds to the electric current Jep,.
The condensate (J3) breaks the U(1)3 spontaneously. Therefore it can be viewed as the
superconducting condensate, which is analogous to the Cooper pairs. Since the conden-
sate <J§> transforms as a vector under spatial rotations, it is a p-wave superconductor.
— Strictly speaking, for a superconductor interpretation it would be necessary to gauge
the global U(1)3 symmetry which is broken spontaneously in our model. A spontaneously
broken global symmetry corresponds to a superfluid. However, many features of super-
conductivity do not depend on whether the U(1)s is gauged. One exception to this is
the Meissner-Ochsenfeld effect. To generate the currents expelling the magnetic field, the
U(1)s symmetry has to be gauged. This is discussed further below in section 7.



3 Holographic setup

3.1 Background and brane configuration

We consider asymptotically AdSs x S° space-time. The AdS5 x S° geometry is holograph-
ically dual to the N' = 4 Super Yang-Mills theory with gauge group SU(N.). The dual
description of a finite temperature field theory is an AdS black hole. We use the coordinates
of [26] to write the AdS black hole background in Minkowski signature as

12— L (L fai) + (BY (et + g 3.1
ST T + fdz +Z(Q+Q 5) (3.1)

with dQ% the metric of the unit 5-sphere and

4
e
f(@) =1- Q_Iia
- o4
flo) =1+ e (3.2)
where R is the AdS radius, with
R* = 4rg,N.o/* =21a'% . (3.3)

The temperature of the black hole given by (3.1) may be determined by demanding regu-
larity of the Euclidean section. It is given by

oH
=gz (3.4)
In the following we may use the dimensionless coordinate p = g/op, which covers the range
from the event horizon at p = 1 to the boundary of the AdS space at p — oo.

To include fundamental matter, we embed Ny coinciding D7-branes into the ten-
dimensional space-time. These D7-branes host flavor gauge fields A, with gauge group
U(Ny). To write down the DBI action for the D7-branes, we introduce spherical coordi-
nates {r,€3} in the 4567-directions and polar coordinates {L, ¢} in the 89-directions [26].
The angle between these two spaces is denoted by 6 (0 < § < 7/2). The six-dimensional
space in the 456789-directions is given by

do? + 02d02 = dr? +r2dQ3 + dL? + L2d¢* = do® + 0*(d6? + cos® Bdp* +sin? 0dN3) , (3.5)

where r = gsinf), 0> =72+ L? and L = pcosf. Due to the SO(4) rotational symmetry in
the 4567 directions, the embedding of the D7-branes only depends on the radial coordinate
p. Defining x = cos 6, we parametrize the embedding by x = x(p) and choose ¢ = 0 using
the SO(2) symmetry in the 89-direction. The induced metric G on the D7-brane probes
is then

2 2 ~ R21 — 2+ 02(0.v)2
ds(Q) = 29_R2 <—f7dt2+fd3?2> t g Xl_‘;g 27402 1+ R2(1 = 2)A02.  (3.6)




The square root of the determinant of G is given by

V=G = 51— 31—+ 200 (37)

where hj is the determinant of the 3-sphere metric.

As in [32] we introduce a SU(2) isospin chemical potential p by a non-vanishing time
component of the non-Abelian background field on the D7-brane. The generators of the
SU(2) gauge group are given by the Pauli matrices 0. Due to the gauge symmetry, we may
rotate the flavor coordinates until the chemical potential lies in the third flavor direction,

p=lim A3(p). (3.8)

This non-zero gauge field breaks the SU(2) gauge symmetry down to U(1)s generated by
the third Pauli matrix o®. The spacetime symmetry on the boundary is still SO(3). Notice
that the Lorentz group SO(3,1) is already broken down to SO(3) by the finite temperature.
In addition, we consider a further non-vanishing background gauge field which stabilizes
the system for large chemical potentials. Due to the symmetry of our setup we may choose
Aédx?’al to be non-zero. To obtain an isotropic configuration in the field theory, this new
gauge field A%’. only depends on p. Due to this two non-vanishing gauge fields, the field
strength tensor on the branes has the following non-zero components,

Fly = ~Fly = 0,45,
i
Foy=—Fj = \/—XAgA:%,, (3.9)

3 3 3
3.2 DBI action and equations of motion

In this section we calculate the equations of motion which determine the profile of the
D7-brane probes and of the gauge fields on these branes. An discussion of the gauge field
profiles, which we use to give a geometrical interpretation of the stabilization of the system
and the pairing mechanism, may be found in section 4.

The DBI action determines the shape of the brane embeddings, i.e. the scalar fields
¢, as well as the configuration of the gauge fields A on these branes. We consider the case
of Ny = 2 coincident D7-branes for which the non-Abelian DBI action reads [44]

1
2

Sppi = —Tp7 Str / 8¢ \/detQ[det (Pab (B + Bu(Q = 6)7 B, + 27ro/Fab)] (3.10)
with

Q' = 8" + 121 (9, DV By, (3.11)

and P, the pullback to the Dp-brane, where for a Dp-brane in d dimensions we have

p,v=0,....,(d=1),a,b=0,...,p,4, 5= p+1),...,(d = 1), E,y = guv + B In our
case we set p =7, d =10, B = 0. As in [32] we can simplify this action significantly by



using the spatial and gauge symmetries present in our setup. The action becomes

Sper = —1pr /d8§ Str\/] det(G + 27TO/F)‘ (3,12)
— Ty / 0 V=a S [1+G0GH (1) (%) + PG () (')

1
1+GOG33 (Fo23)2 (02)2] 2 ’

where in the second line the determinant is calculated. Due to the symmetric trace, all
commutators between the matrices o vanish. It is known that the symmetrized trace
prescription in the DBI action is only valid up to fourth order in o' [45, 46]. However
the corrections to the higher order terms are suppressed by NJTI [47] (see also [48]). Here
we use two different approaches to evaluate the non-Abelian DBI action (3.12). First, we
modify the symmetrized trace prescription by omitting the commutators of the generators
o' and then setting (0%)2 = 1 (see subsection 3.2.1 below). This prescription makes the
calculation of the full DBI action feasible. Second, we expand the non-Abelian DBI action
to fourth order in the field strength F' (see subsection 3.2.2).

3.2.1 Adapted symmetrized trace prescription

Using the adapted symmetrized trace prescription defined above, the action becomes

1
Spt = —Tp7 Ny / 4% V=G |1+ GG (F)” + GPGH (Fly)” + 66 (Fg)* |

B TD7Nf

— R [ PR - Y (o ), (313)

with

2 1) (,43) + %(1 ) (9,48)°

Y(p,x, A) = [1 —X*+ 0% (0px)* - 2

N[

2 ,
=7+ 002 (48)° |
(3.14)

2y
Cow2pif?

where the dimensionless quantities p = o/oy and A = (2ra’)A/op are used. To obtain
first order equations of motion for the gauge fields which are easier to solve numerically,
we perform a Legendre transformation. Similarly to [26, 32] we calculate the electric
displacement pg and the magnetizing field p%} which are given by the conjugate momenta
of the gauge fields A3 and A3,

3 0SpBI 1 0SpBI

BZ50,40° BT 50,4 19

In contrast to [26, 27, 29, 32|, the conjugate momenta are not constant any more but

depend on the radial coordinate ¢ due to the non-Abelian term A%A% in the DBI action.

For the dimensionless momenta ]58 and ]5%, defined as
p

—, 3.16
27Ta/NfTD7Q§{ ( )

ﬁ:



we get
~3 — p3.]2:2(]‘ - XQ)Q?P’Z% p‘% — _p3f(1 - X2)2~6P;1§ . (317)
2fY(p,x, A) 2Y(p, x, A))

Finally, the Legendre-transformed action is given by

_ dSpBI 1\ OSDBI
SpB1 = SpBI — /dgf [(OQAS) NEWRE (89A3) 71]
oy 5(8A) 5(8A) (3.18)
= DZ f/dgé“a FIL—x \/1—x +02(0px)? V(p: x: A, D)
with
. 292 /)2 8 () 8 ()’ 2
Ve, x, A,p) = [(1——274 5 (4543) > <1+ 6~3( 0 o5 7 2( d 5 3” :
mptf POfAL=x?)? POffP(1=X?)
(3.19)
Then the first order equations of motion for the gauge fields and their conjugate mo-
menta are
i3 2fV 1= X2+ 02 (0px)* -
apAg - \/ =~ ( £ ) ng(p’ X>Aap)a
PR 2P
_ 2¢/1 = X2+ p?(0,x)? . .
8014% - - \/ 3 2(2P ) ng(p,X,A,p),
f( x?)
5 (3.20)
9.5 — X3 V1—x2+ p2(0,x)%¢ s
pPo = 5 < 3) 0>
27T pfW(p, X,A,p)
L fA =XV =2+ P00
d,ph = 2\/ % <A3> AL,
2m2pf W (p,x; A, p)
with
o 1 2 (A3A1)
W(p,x,A,p) = (3.21)

8(%)" 8(03)°
POF3(=x2)®  pSff2(1—x2)?

For the embedding function y we get the second order equation of motion

o | L2110 =)0 || _ PPffx
T LVI =X+ P2 (00)? V1= X2+ pH(0,x)?

24 (1 — X2 + p*(0,X)?) ) 2,
_ f3p6 - Xz)g w <(pg)2 _ F (p%,)) ] .

[ [3 (1 — X2) + 2p2(8px)2] v

We solve the equations numerically and determine the solution by integrating the equations
of motion from the horizon at p = 1 to the boundary at p = co. The initial conditions may



be determined by the asymptotic expansion of the gravity fields near the horizon

A3 = W(p - 1)2 + @ ((p - 1)3) )
0 €0
A3 = by +0((p-17%
Py = +72b3c0( —124+0((p—1)> 3.3
6= "co s =7 +0((p-1)7) (3.23)
P3 = +0((p-1)7%) |
3xo(1 = x3)° 2 3
X=X0 — (P=1*+0((p-17°) ,

4[(1 = x§)® + <]

where the terms in the expansions are arranged according to their order in p — 1. For
the numerical calculation we consider the terms up to sixth order in p — 1. The three
independent parameter by, ¢y and xo may be determined by field theory quantities defined
via the asymptotic expansion of the gravity fields near the boundary,

- 3 a3 B
gl

Al = - p—g +0(p?)

=& L0 321
) _ 25271 -

py = —ds +1:2p23 +0 ()

m C
= — +—=+0(p*
X P 3 (r)

According to the AdS/CFT dictionary, u is the isospin chemical potential. The parameters
d are related to the vev of the flavor currents J by

5 5
~ 23 3 B 23 1
=2V g 25 (3.25)
NyNANAT? NyNANAT?
and m and c to the bare quark mass M, and the quark condensate (),

m: )
VAT

respectively. There are two independent physical parameters, e.g. m and u, in the grand

VANSN.T3

canonical ensemble. From the boundary asymptotics (3.24), we also obtain that there is
no source term for the current Ji. Therefore as a non-trivial result we find that the U(1)3
symmetry is always broken spontaneously. In contrast, in the related works on p-wave
superconductors in 2+ 1 dimensions [7, 8], the spontaneous breaking of the U(1)3 symmetry
has to be put in by hand by setting the source term for the corresponding operator to zero.
With the constraint flé| p—oo = 0 and the two independent physical parameters, we may fix
the three independent parameters of the near-horizon asymptotics and obtain a solution
to the equations of motion.

,10,



3.2.2 Expansion of the DBI action

We now outline the second approach which we use. Expanding the action (3.12) to fourth
order in the field strength F' yields

T, 1y
SDBI:—TD7Nf/d8£V—G[1+?2—§4+"'] , (3.27)

where 7; consists of the terms with order ¢ in F'. To calculate the 7;, we use the following
results for the symmetrized traces

20 : Str [(O‘i)Q] = Ny, 528)

4o - Str [(01)4] =Ny, Str {(Ji)Q (JJ)Q} _ &

3
where the indices 4, j are distinct. Notice that the symmetric trace of terms with unpaired
o matrices vanish, e.g. Str[o’c’] = N f5ij. The 7; are given in the appendix A.

To perform the Legendre transformation of the above action, we determine the con-
jugate momenta as in (3.15). However, we cannot easily solve these equations for the
derivative of the gauge fields since we obtain two coupled equations of third degree. Thus
we directly calculate the equations of motion for the gauge fields on the D7-branes. The
equations are given in (A.3) of the appendix.

To solve these equations, we use the same strategy as in the adapted symmetrized
trace prescription discussed above. We integrate the equations of motion from the horizon
at p =1 to the boundary at p = oo numerically. The initial conditions may be determined
by the asymptotic behavior of the gravity fields near the horizon

Aj = axp—1) +O ((p—1)%),
AL = b +0 ((p—1)
3(a3 + 4a3 — 8)xo
4(3a3 + 4a3 + 8)

w

) (3.29)
(=1 +0((p—1)°).

X= Xo+

For the numerical calculation we use the asymptotic expansion up to sixth order. As in
the adapted symmetrized trace prescription, there are again three independent parameters
as, by, xo- Since we have not performed a Legendre transformation, we trade the indepen-
dent parameter ¢y in the asymptotics of the conjugate momenta ﬁg in the symmetrized trace
prescription with the independent parameter as (cf. asymptotics in equation (3.23)). How-
ever, the three independent parameters may again be determined in field theory quantities
which are defined by the asymptotics of the gravity fields near the boundary

5 dy ’
71
Al = _% +0 (oY) (3.30)
m
= - +—= 40 (p*
X P 3 (0")
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\charged horizon

Figure 2. Sketch of our string setup: The figure shows the two coincident D7 branes stretched from
the black hole horizon to the boundary as a green and a blue plane, respectively. Strings spanned
from the horizon of the AdS black hole to the D7-branes induce a charge at the horizon [26, 27, 32].
However, above a critical charge density, the strings charging the horizon recombine to D7-D7
strings. These D7-D7 strings are shown in the figure. Whereas the fundamental strings stretched
between the horizon and the D7-brane are localized near the horizon, the D7-D7 strings propagate
into the bulk balancing the flavorelectric and gravitational, i.e. tension forces (see text). Thus
these D7-D7 strings distribute the isospin charges along the AdS radial coordinate, leading to
a stable configuration of reduced energy. This configuration of D7-D7 strings corresponds to a
superconducting condensate.

The independent parameters p, cig, c%, m, ¢ are given by field theory quantities as presented
in (3.25) and (3.26). Again we find that there is no source term for the current Ji, which
implies spontaneous symmetry breaking. Therefore the independent parameters in both
prescriptions are the same and we can use the same strategy to solve the equations of
motion as described below (3.26).

4 String theory picture

In this section we give a string theory interpretation, i.e. a geometrical picture, of the
formation of a new phase, for which the field theory is discussed in section 2. We show
that the system is stabilized by dynamically generating a non-zero vev of the current
component J?} dual to the gauge field A% on the brane. Moreover, we find a geometrical
picture of the pairing mechanism which forms the condensate (J3), the Cooper pairs.

Let us first describe the unstable configuration in absence of the field AY. As known
from [26, 27, 32], the non-zero field Ag is induced by fundamental strings which are stretched
from the D7-brane to the horizon of the black hole. In the subsequent we call these strings
‘horizon strings’. Since the tension of these strings would increase as they move to the
boundary, they are localized at the horizon, i.e. the horizon is effectively charged under
the isospin charge given by (2.1). By increasing the horizon string density, the isospin
charge on the D7-brane at the horizon and therefore the energy of the system grows.
In [32], the critical density was found beyond which this setup becomes unstable. In this

- 12 —



case, the strings would prefer to move towards the boundary due to the repulsive force on
their charged endpoints generated by the flavorelectric field Eg = Fgg = —(%Ag.

The setup is now stabilized by the new non-zero field Aé. This field is induced by D7-
D7 strings moving in the 2% direction. This movement of the strings may be interpreted as
a current in 2 direction which induces the magnetic field B%Q = Fglg = —OQA%). Moreover,
the non-Abelian interaction between the D7-D7 strings and the horizon strings induces an
flavorelectric field B3 = Fiy = v/VAA3AL.

From the profile of the gauge fields and their conjugate momenta (see figure 3) we
obtain the following: For Ail)) =0, i.e. in the normal phase (T > T¢), the isospin density dg
is exclusively generated at the horizon by the horizon strings. This can also be understood
by the profile of the conjugate momenta pj (see figure 3 (c)). We interpret p3(p*) as the
isospin charge located between the horizon at p = 1 and a fictitious boundary at p = p*. In
the normal phase, the momentum p3 is constant along the radial direction p (see figure 3(c),
blue curve), and therefore the isospin density is exclusively generated at the horizon. In the
superconducting phase where A%’. # 0, i.e. T < T,., the momentum pg is not constant any
more. Its value increases monotonically towards the boundary and asymptotes to d% (see
figure 3(c), red curve). Thus the isospin charge is also generated in the bulk and not only
at the horizon. This decreases the isospin charge at the horizon and stabilizes the system.

Now we describe the string dynamics which distributes the isospin charge into the bulk.
Since the field Aé induced by the D7-D7 strings is non-zero in the superconducting phase,
these strings must be responsible for stabilizing this phase. In the normal phase, there are
only horizon strings. In the superconducting phase, some of these strings recombine to form
D7-D7 strings which correspond to the non-zero gauge field A} and carry isospin charge.!
There are two forces acting on the D7-D7 strings, the flavorelectric force induced by the field
EZ’ and the gravitational force between the strings and the black hole. The flavorelectric
force points to the boundary while the gravitational force points to the horizon. The
gravitational force is determined by the change in effective string tension, which contains
the o dependent warp factor. The position of the D7-D7 strings is determined by the
equilibrium of these two forces. Therefore the D7-D7 strings propagate from the horizon
into the bulk and distribute the isospin charge.

Since the D7-D7 strings induce the field Aé, they also generate the density J}S dual
to the condensate <J§>, the Cooper pairs. This density J}S is proportional to the D7-D7
strings located in the bulk, in the same way as the density d% counts the strings which
carry isospin charge [26]. This suggest that we can also interpret pi(p*) as the number of
D7-D7 strings which are located between the horizon at p = 1 and the fictitious boundary
at p = p*. The momentum p3 is always zero at the horizon and increases monotonically in
the bulk (see figure 3 (d)). Thus there are no D7-D7 strings at the horizon.

The double importance of the D7-D7 strings is given by the fact that they are both
responsible for stabilizing the superconducting phase by lowering the isospin charge density,
as well as being the dual of the Cooper pairs since they break the U(1)3 symmetry.

!Note that the D7-D7 strings are of the same order as the horizon strings, namely Ny /N, since they
originate from the DBI action [27].
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Figure 3. Profiles of the relevant dimensionless gauge fields A on the D7-branes and their dimen-
sionless conjugate momenta p versus the dimensionless AdS radial coordinate p near the horizon
at p = 1. The different curves correspond to the temperature T' = T, (blue) and T = 0.97, (red).
The plots are obtained at zero quark mass m = 0 and by using the adapted symmetrized trace
prescription. Similar plots may also be obtained at finite mass m # 0 and by using the DBI ac-
tion expanded to fourth order in F. These plots show the same features: (a) The gauge field A3
increases monotonically towards the boundary. At the boundary, its value is given by the dimen-
sionless chemical potential fi. (b) The gauge field fl% is zero for T' > T.. For T < T, its value
is non-zero at the horizon and decreases monotonically towards the boundary where its value has
to be zero. (c) The conjugate momentum p3 of the gauge field flg is constant for T > T,.. For
T < T, its value increases monotonically towards the boundary. Its boundary value is given by the
dimensionless density Jg (d) The conjugate momentum p3 of the gauge field flé is zero for T > T..
For T < T,, its value increases monotonically towards the boundary. Its boundary value is given
by the dimensionless density —dJ.

5 Thermodynamics & phase transition

In this section we study the thermodynamics of the fundamental matter sector which is
dual to the thermal contributions of the D7-branes. According the AdS/CFT dictionary
the partition function Z of the boundary field theory is given in terms of the Euclidean
on-shell supergravity action Iy, shel,

7 — ¢ lon-shell (5.1)

Thus the thermodynamical potential, i.e. in the grand canonical ensemble the grand po-
tential €2, is proportional to the Euclidean on-shell supergravity action,

Q=-TInZ =TI,y el - (5.2)
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To calculate the thermal contributions of the D7-branes 27, we have to determine the
Euclidean version of the DBI action (3.12) on-shell.

5.1 Adapted symmetrized trace prescription

Now we calculate the Euclidean on-shell action using the adapted symmetrized trace pre-
scription defined in section 3.2. First we perform a Wick rotation in the time direction.
Next we renormalize the action by adding appropriate counterterms I (see [49] for a re-
view). Since the action (3.13) has the same structure as the DBI action in [26, 32, 50] and
since in these cases the counterterms do not depend on the finite densities, we can write
the counterterms as in [26, 32, 50],

ICt = - max

Ny T, 9
Pl

- m2)2 - 4mc] , (5.3)
where ppax is the UV-cutoff and

_ Tp7Vavol(S*)Nyoy, AN MyVsT? (5.4)
- AT - 32 ’ '

with Minkowski space volume V3. Then the renormalized Euclidean on-shell action Ir may

M

simply be written as

4

where ppin determines the minimal value of the coordinate p on the D7-branes, i.e. ppin = 1

/\_/)\ = G(mn&') - 1 |:(pr2nin - m2)2 - 4mc} ) (55)

for black hole embeddings which we consider exclusively in this paper, and

G(m, i) = / dp <p3ff(1 — X)X (p,x, A) = (p* — pm) ) : (5.6)
Pmin
In figure 4 we plot the dimensionless grand potential Wy defined as
ANFN V3T
Qr =TIy = %m. (5.7)
We also calculate the specific heat C
O*F;

Cr=— 972 (5.8)

where F% is the free energy in the canonical ensemble.? Using (3.26), the expression for
the specific heat can be rewritten as

ANNT? 12F; — 6 +
32 7 mam m Om?

with Fr = (ANyN.V3T4/32) F. In figure 9 we plot the dimensionless specific heat C;
defined as

Cr =

07 262?7) (5.9)

AN;N.T3
Cr=""5%"

Below we discuss that our results hint towards a boson liquid being present. We also

Cr. (5.10)

comment on the relation of our results to [51].

“Note that in [14] we considered the second derivative of the grand potential in the grand canonical
ensemble. Although not simply related to the specific heat, that quantity also shows a discontinuity
indicating the second order phase transition.
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5.2 Expansion of the DBI action

The thermodynamical behavior in the case of the expanded DBI action may be determined
in the same way as for the adapted symmetrized trace prescription. As mentioned above,
the counterterms are needed to regularize the action and do not depend on the gauge
fields on the brane. They are needed to regularize the divergence which occurs due to
the infinite volume of the AdS space. For vanishing gauge fields on the brane, the action
calculated using the adapted symmetrized trace prescription and the action expanded in
field strength F' coincide. Thus the counterterms discussed above may also be used to
regularize the action expanded in F'. For the renormalized Euclidean action we obtain

I . 1
./\_/Ii =G(m, ) — 2 [(p?nin - m2)2 - 4mc} , (5.11)
where - -
G(m, i) = / dp {V—G (1 + 52 - f) —(0° - pm)} : (5.12)
Pmin

with 73 and 7; as defined in equations (3.27) and (A.1). In figure 6 we also plot the
dimensionless grand potential WW; obtained by the action expanded to fourth order in F

and defined as
ANFN V3T*

32
Note that we have not computed the Legendre-transformed action for the DBI action

Qp =TIy = Wr. (5.13)

expanded to fourth order due to technical complications discussed in section 3.2.2. Thus
we do not have direct access to the quantities in the canonical ensemble, such as the free
energy needed to compute the specific heat. A calculation exploiting thermodynamical
relations between the ensembles is postponed to future work.

5.3 Thermodynamical consistency

In the following we confirm that both definitions of the grand potential, (5.7) and (5.13),
give consistent thermodynamics. For this purpose, we have to vary the grand potential with
respect to the thermodynamical variables. In the gravity setup this variation is induced by
a variation of the gravity fields. Here we only consider a variation of the gauge field Ay,
since the variation of the embedding function x is the same as in [26]. Using the equations
of motion, the variation of the dimensionless grand potential with respect to the gauge
field Aj, reduces to a boundary term,

T
"= | 55200 T 55 A 04
00,4 " " a0,

= ﬁg(pmln)é*’ig (pmin) + ﬁé(pmin)éﬁfli(pmin) - ]58(00)5/18(00) - ﬁfli(oo)éﬁfli(oo) .

Here L is given by the integrand of the grand potential. Using the asymptotic behavior
of the gauge fields (3.23), (3.24), (3.29), (3.30), the contribution of the fields A} and p}
vanishes and the result coincides with [26],

(5.14)

Wy = —pa(00)0 A3 (00) = —d3dji. (5.15)

,16,



Figure 4. The dimensionless grand canonical potential W; calculated using the adapted sym-
metrized trace prescription versus temperature at zero quark mass My, = 0: Below T' = T, the
superconducting phase (red line) is thermodynamically preferred over the normal phase (blue line).
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Figure 5. Same as figure 4 close to the phase transition.

Therefore we confirm that €27 is the thermodynamical potential in the grand canonical
ensemble, namely the grand potential. We also see that the density dg is not a thermody-

namical variable.

5.4 Results & comparison of the two prescriptions

We now compare the results obtained by evaluating the non-Abelian DBI action using the
adapted symmetrized trace prescription or the expansion to fourth order.

Figure 4 shows that for non-zero gauge field Aé, a phase transition occurs. The pres-
ence of this phase transition does not depend on the prescription used, as seen from the
comparison of the potential derived using the adapted symmetrized trace prescription (see
figure 5) with the results derived from the expanded DBI action (see figure 6). The transi-
tion is second order since there is a discontinuous step in the specific heat Cr, see figure 9.
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S

Figure 6. Grand canonical potential computed from the expanded DBI action at vanishing quark
mass My = 0. The qualitative behavior is in agreement with the results from the adapted sym-
metrized trace prescription (see figure 5).

The temperature scale in the massless case is defined by

1
T _ e _ ((dd)e)’ (5.16)
T. [ d3 ’

where [i. ~ 2.85 and (CZS)C ~ 20.7 as obtained from the adapted symmetrized trace pre-
scription (see section 3.2.1). For the expanded DBI action we equivalently obtain fi. &~ 2.48
and (d%)c ~ 9.03. In the massive case we fix a quark mass M, then a chemical potential
p measured in units of M,. Thus the temperature scale is defined as

T  me

= 1
=, (517)

where m, is the value of the mass parameter at which the phase transition occurs.

From the behavior of the order parameter J}S, see in figure 7, near the critical temper-
ature, we obtain the critical exponent of the transition to be 1/2, which coincides with the
result obtained from Landau theory. It is also determined numerically from a fit within
10 percent accuracy, see blue dashed curve in figure 7. This exponent is independent from
the quark mass as seen from the black curve at p/M, = 3 shown in figure 7. We have
also confirmed numerically that the critical exponent of the order parameter c% does not
depend on the prescription (adapted symmetrized trace or expanded DBI). Since the order
parameter c% and the density cig increase rapidly as 7" — 0, we expect that the probe
approximation breaks down near T' = 0.

We define the density of superconducting charges ds in the following way

B =3 _ 3 73 _
i po(pBl) Polpm) _ dg—co (5.18)
Py(pB) dg

This identification was suggested in [7]. Beyond the arguments given there, we have the
advantage of exactly knowing the dual field theory interpretation and having a string
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Figure 7. The order parameter J% defined in (3.24) and obtained from the adapted symmetrized
trace prescription versus temperature T": The case of vanishing quark mass (red curve) shows the
same behavior near 7T, as that at finite mass where p/M, = 3 is fixed. In both cases the order
parameter vanishes with a critical exponent of 1/2. This is visualized by the fit 55(1 — T'/T,)'/?
(dashed blue curve).

.‘8
T
T
Figure 8. Superconducting density d, = (cig —co)/ (28 versus temperature 7: In both, the massless
(red curve) and the massive case at /M, = 3 (blue curve), the superconducting density d, vanishes
linearly at the critical temperature. This is visualized by the fit 6.8(1 —T'/T.) (dashed blue curve).

picture, see section 4. The numerator of equation (5.18) counts the isospin charges present
in the bulk excluding those localized at the black hole horizon p3(pp) = co. Following the
ideas described in section 4, these charges may be identified with the D7-D7 strings in the
bulk, which are dual to the Cooper pairs. As expected from Ginzburg-Landau theory, this
superconducting density d, vanishes linearly at 7. in massive and massless cases regardless
of the prescription chosen, see figure 8.

In figure 9 the dimensionless specific heat computed from the adapted symmetrized
trace prescription for massless quarks is shown versus the temperature. It clearly shows
a discontinuity at the phase transition, stressing that the observed transition is second
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Figure 9. The flavor brane contribution to the specific heat as computed from the adapted sym-
metrized trace prescription in the massless case. The blue line corresponds to the normal phase
with A} = 0, while the red one corresponds to the superconducting phase with A} # 0. Note that
the total specific heat is always positive although the flavor brane contribution is negative. The
divergences near T' = 0 in both phases can be attributed to the missing backreaction in our setup.
We read of from the numerical result that near the critical temperature, the dimensionless specific
heat is constant in the superconducting phase. This implies that the dimensionful specific heat is
proportional to 72. This temperature dependence is characteristic for Bose liquids.

order. Note that the dimensionful specific heat is given by C7 o T3Cy7, where C; is the
dimensionless specific heat shown in figure 9.

The blue curve in figure 9 corresponds to the normal phase while the red one shows the
behavior of the superconducting phase. A general feature of superfluids, including charged
superfluids as in the present case, is the behavior of the specific heat near T" = 0. For Bose
liquids the heat capacity has cubic temperature dependence. In Fermi liquids, a linear
temperature dependence dominates near 7" = 0. In our numerical results (figure 9) we
see a dramatic change of specific heat in the normal phase (blue curve) in sharp contrast
to the constant behavior, corresponding to C7 o T°, of the superconducting phase (red
curve) close to the critical temperature. The divergent behavior close to 7" = 0 is due to
the probe approximation which we use. Although our numerics do not allow to extend the
calculation up to T' = 0, it is tempting to extrapolate the observed behavior towards T' = 0
and to conclude that our setup in the superconducting phase is a Bose liquid.

Recently a new type of quantum liquid has been discussed in [51], where the authors
consider a brane setup at zero mass in the limit of infinite baryon density, i.e. at zero
temperature. In that case the heat capacity was found to be proportional to 7%, neither
typical for a Fermi nor for a Bose liquid.

In the following we argue that our result found above suggests to consider the possibility
of a phase transition also in the baryonic setup [51]. The baryonic setup of [51] may
be related to our normal phase by a symmetry between pure baryonic and pure isospin
configurations found in [32]. Thus the specific heat in the baryonic setup and in our
normal-conducting phase coincide. Since in our isospin case there is a phase transition
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Figure 10. Phase diagram for fundamental matter with mass m = 2M,/(V/AT) obtained with
the adapted symmetrized trace prescription: The blue, white and green regions are the same as
in figure 1, but with the unstable normal phase replaced with the superconducting phase. The
dotted curves correspond to lines at finite mass, i.e. constant xo. These curves are parametrized
by the density d3. Along the blue curves the field A} is zero while along the red ones the field A}
is non-zero. The endpoints of the red curves determine the second order phase transition to the
superconducting phase. The dotted, red curves diverge inside the superconducting phase since the
backreaction of the condensate on the background is not considered. This divergence determines
the boundary of the orange region which is not reachable without backreaction.

to the superconducting phase which shows the usual Bose liquid behavior, we suggest the
possibility of a similar phase transition in the baryonic setup of [51]. The possible new
phase may lead to the usual behavior of a Bose or Fermi liquid.

Summarizing our thermodynamical results in a phase diagram, we obtain figure 10.
The choice of the calculational method — adapted symmetrized trace or expansion of the
DBI to fourth order — does not change the qualitative structure of the phase diagram.
The blue phase indicates the known region of stable mesons surviving the deconfinement
transition. It is separated from the white meson melting region by the meson melting
transition (blue line), see [25-27, 29, 32, 50, 52, 53]. Above a critical isospin density marked
by the green line, a flavor-superconducting phase forms. At even higher isospin density, our
approach, which does not include the back-reaction of the D7-brane, gives diverging order
parameters, signalling the breakdown of this approach. This particular region is indicated
by orange color. Note that this behavior is well-known to occur in systems without back-
reaction. In our case, the gauge fields on the D7-brane grow arbitrarily large close to
zero temperature. This behavior will be cured by including the back-reaction, i.e. the
contribution of the gauge fields to the total energy-momentum tensor. For the Abelian
Higgs model, it is shown in [13] that similar divergences are removed when these terms

are included.
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6 Fluctuations

The full gauge field A on the branes consists of the field A and fluctuations a,
A= A3r3dt + Airtdas + ay,Tdz" (6.1)

where 7% are the SU(2) generators. The linearized equations of motion for the fluctuations
a are obtained by expanding the DBI action in a to second order. We will analyze the
fluctuations a3 and X = a} +ia%, Y = a} — ia3.

Including these fluctuations, the DBI action reads

S=-T7 / ds¢ Str\/det G+ (2ra/)F], (6.2)
with the non-Abelian field strength tensor

ng =FS, +F5,, (6.3)

where the background is collected in

a a Y pabe b g4c
FMV == 2({9[“14”} + \/—Xf A;,LAV7 (64)

and all terms containing fluctuations in the gauge field are summed in

[a a i abc c Y pabe c c
Fy, = ZO[MQV] + ﬁf b aZaV + ﬁf b (AZaV + aZAV) . (6.5)

Index anti-symmetrization is always defined with a factor of two in the following way

G[MA,,] = (a“A,, — &,Au)/Q.

6.1 Adapted symmetrized trace prescription

In this section we use the adapted symmetrized trace prescription to determine the fluc-
tuations about the background we discussed in section 3.2.1. To obtain the linearized
equations of motion for the fluctuations a, we expand the action (6.2) to second order in
fluctuations,

(2ma’)

S@ =1y / d®¢ Str [\/ G+ ——V—-GG"F,, —

(2ma/)?
4

V=GG" E,,G" Fyyy

2 (6.6)

(2ma’)?
8

V=G (6" F,)? g] |

As in the previous paper [33], we collect the metric and gauge field background in the tensor
G = G+ (2rd/)F. Using the Euler-Lagrange equation, we get the linearized equation of
motion for fluctuations a? in the form

0 = 0,Str [\/ —gfd{g[“” + (27d) <g“[“g”” + %Q“VQ[RA]>F,,HH
c

_sw[ﬁ

fadea\/__g{g[n)\}(a + A)l))\ + (27‘('0/) <g,u[/ig)\]l/ + %guug[ﬁA])FyuAg}] )
(6.7)
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Note that the linearized version of the fluctuation field strength used in equation (6.7) is
given by

F, = 20,05 + 7 fabC(Azag +alAS) + O(a?). (6.8)

In our specific case the background tensor in its covariant form is given by

G = Gy + (20 (20,4801 0,107° + 20,436.41,8,)57" + 2= AFAYS 057 ) . (6.9)

VA
Inversion yields the contravariant form needed to compute the explicit equations of motion.
The inverse of G is defined as QWQW/ = 65 793 The non-zero components of G may be
found in the appendix B.1.

Fluctuations in a%: for the fluctuation a3 with zero spatial momentum, we obtain the

equation of motion

o0.H 0t (G Goo dp <p 13(9,A3)(m})? )
iy + 2l iy — | (L + L) 16 : =0,
H G G I (1 7T22pc4f2 (AL A3)2 )
(6.10)
with
mb= L Al H=GG®g". (6.11)

Fluctuations in X = a2 —+1i 1a , Y = a% — lag for the fluctuations X and Y with zero

spatial momentum, we obtain the coupled equations of motion

o,H 404 | G™ o Glo3) 4oy |G
0 _ X// H X/ H g44 (m mg) + —g 3m X =+ F g44 m%mg
Lo [v—gGmg{M}mé] G (mh)? | (x =)+ 40y G L (6.12)
49%{ o 2g44 R2 g44
\ 2648, [VTGPG™ o m)]
R? H ’
0, H 10t [ g 5 glos} glos}
0=Y" 4 - Yoty o Rf G (r0 4+ m3) + g™ — G mimd
LR [V=0G62gBml] g ) | (x - v) - 403, G108 (6.13)
20% 0, [V=GG2G1 (m —m)]
R? H ’

where the component of the inverse background tensor may be found in the appendix B.1,
index symmetrization is defined glii} — (g’j + gﬂ')/2 and
T i3
Ap.
2\/57? 0

*We calculate the inverse of G by ignoring the commutation relation of the 7’s because of symmetrized
trace. It is important that 7%7°

my = (6.14)

abc ¢

must not be simplified to € since symmetrisation is not the same.
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6.2 Expansion of the DBI action

In this section we determine the equation of motion for the fluctuation a3 in the background
determined by the DBI action expanded to fourth order in F' (see section 3.2.2). To obtain
the quadratic action in the field a3, we first have to expand the DBI action (6.2) to fourth
order in the full gauge field strength F, and expand the result to second order in a3. Due
to the symmetries of our setup, the equation of motion for the fluctuation a3 at zero spatial
momentum decouples from the other equations of motion, such that we can write down
an effective Lagrangian for the fluctuation a3. This effective Lagrangian is given in the
appendix B.2. The equation of motion for a3 with zero spatial momentum determined by

the Euler-Lagrange equation is given by

8 4 00 33
o:4a@"+-4ffuéy-—QH{4(fi—m2+-fi—0n92)

H R\ HH HHM
o (6.15)
n 8 0,[V-GGNGZ2GPGHA (9, A7) (my)°]| 5
3 H 2
where
H=-GG*H™. (6.16)

We introduce the factors H% which may be found in the appendix B.2 to emphasize the
similarity to the equation of motion obtained by the adapted symmetrized trace prescrip-
tion (6.10).

6.3 Result & comparison of the two prescriptions
6.3.1 Conductivity

We calculate the frequency-dependent conductivity o(w) using the Kubo formula,
o(w) = =G(w,q=0), (6.17)
w

where G¥ is the retarded Green function of the current Ji dual to the fluctuation a3, which
we calculate using the method obtained in [54]. The current J3 is the analog to the electric
current since it is charged under the U(1)s symmetry. In real space it is transverse to the
condensate. Since this fluctuation is the only one which transforms as a vector under the
SO(2) rotational symmetry, it decouples from the other fluctuations of the system.

The real part of the frequency-dependent conductivity Re o(w) is presented in fig-
ure 11, 12, 13, 15. It shows the appearance and growth of a gap as we increase the
condensate c% The conductivity gap originates in a pseudo gap already present right
above T, as can be seen for example from the red curve in figure 11. By pseudo gap we
mean a well-defined gap in the conductivity at low frequency in which the conductivity
is not identically zero [8]. Both calculational prescriptions — the adapted symmetrized
trace prescription and the expansion of the DBI action to fourth order in the field strength
— yield qualitatively very similar results as can be seen by comparing figures 13 and 15.
As a further distinct effect when using the adapted symmetrized trace prescription, fig-
ure 11, 12, 13 show prominent peaks which we interpret as mesonic excitations below.
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100

Figure 11. Real part of conductivity, Re o, in units of NyN,T'/(167) versus the dimensionless
frequency w = w/(27T) for massless quarks computed from the adapted symmetrized trace pre-
scription. Distinet curves correspond to T//T. = oo (black), 1(red), 0.5 (orange) and 0.28 (brown).
By decreasing the temperature below the critical one, a gap where the conductivity is approxi-
mately zero appears which is a characteristic feature of a superconductor. In addition prominent
peaks arise.

Increasing the quark mass M, from zero to a finite value, these meson peaks become
sharper, i.e. more quasiparticle-like. This is reminiscent of results for condensed matter
systems where prominent quasiparticle peaks appear (e.g. [55]). In figure 12 at fixed
p/M, = 3, the sharp resonances are also present inside the gap. In contrast to the adapted
symmetrized trace prescription, from the expanded DBI action we obtain less prominent
peaks as seen from figure 15. In the conductivity obtained from the DBI action expanded
to fourth order, the peaks do not appear until we approach small temperatures. We expect
that the terms higher order in the field strength dominate the generation of the peaks and
therefore the generation of the meson mass. If the higher order terms discussed here are
included, we presume that the quasinormal modes which generate these peaks move closer
to the real axis.

Using the Kramers-Kronig relation, which connects the real and imaginary part of the
complex conductivity, we find a delta peak at w = 0 in the real part of the conductivity,
Re o(w) ~ mnsd(w). The corresponding ns/w-behavior in the imaginary part is visualized
in figure 14. As expected from Ginzburg-Landau theory, our numerics show that the
superconducting density ns vanishes linearly at the critical temperature, ngs o< (1-7/T,) for
T =~ T,. This field theory definition of the superconducting density n, yields a quantity with
the same linear scaling near T, as found in our bulk definition (5.18) of the superconducting
density ds. This confirms that these two quantities may be identified. Our numerics indeed
indicate that dy and ng are proportional to each other.

Note that for translation invariant systems at finite density, there is a delta peak in the
real part of the conductivity even in a normal conducting phase since the charge carriers
cannot lose their momentum. This peak is called Drude peak. In our system, however,
the charge carriers can dissipate their momentum although our system is translation in-
variant [56, 57]. The adjoint degrees of freedom can transfer momentum at order N2 while
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Figure 12. Real part of conductivity, Re o, in units of NyN,T'/(167) versus the dimensionless
frequency w = w/(27T) for massive quarks at fixed u/M, = 3 computed from the adapted sym-
metrized trace prescription. Distinet curves correspond to T'/T, = 10 (black), 1(red), 0.6 (green)
and 0.5 (orange). As in figure 11 a gap appears. Moreover, we observe a prominent peak inside the
gap where the conductivity is approximately zero in the green and orange curves.

Figure 13. Scaled real part of conductivity Re o/(4mtv) in units of NyN.T/(167) versus the
dimensionless frequency v = w/(27T") for massive quarks at fixed p/M, = 3 computed from
the adapted symmetrized trace prescription. Distinct curves correspond to T/T. = 10 (black),
1(red), 0.5 (orange) and 0.28 (brown). This figure has been scaled to asymptote to a constant in
order to show similarity to the lower dimensional cases computed from AdS; and to show common
asymptotics.

the fundamental degrees of freedom only at order N.. The adjoint degrees of freedom
effectively act as a heat sink into which the flavor fields can dissipate their momentum.
Thus we do not observe a Drude peak in our system.

6.3.2 Spectral functions

In order to identify the prominent peaks in the conductivity in terms of field theory quan-
tities as meson resonances, we examine the spectral functions R = —2Im G which are
related to these conductivities by (6.17). Due to this relation the prominent peaks in the
conductivity correspond to the prominent peaks in the spectral function, see figure 16. As
known from [33, 58] the resonances appearing in the spectral functions of vector fields in
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Figure 14. Scaled imaginary part of conductivity wlm ¢ in units of NyN.T'/(16m) versus the
dimensionless frequency w = w/(27T') for massless quarks computed from the adapted symmetrized
trace prescription. Distinct curves correspond to T//T. = oo (black), 1 (red), 0.9 (blue), 0.6 (green),
0.5 (orange) and 0.28 (brown). This figure has been scaled to asymptote to a constant at ro = 0.
This constant determines the superconducting density n.

2 4 6 8 10

o

Figure 15. Scaled real part of conductivity Re o/(4mtv) in units of NyN.T'/(167) versus the
dimensionless frequency w = w/(27T') for massless quarks computed from the expanded DBI action.
Distinct curves correspond to T'/T, = oo (black), 1(red), 0.6 (green), 0.5 (orange) and 0.39 (purple).
This figure has been scaled to asymptote to a constant in order to show similarity to the lower
dimensional cases computed from AdS, and to show common asymptotics.

the bulk correspond to vector meson excitations in the dual field theory. Moving to higher
quark mass parameter m = 2.842 and g = 3.483 near the meson melting transition, we
compare the resulting spectrum, see figure 17 to the supersymmetric mass formula ob-
tained in [24]. The prominent peaks clearly approach the supersymmetric line spectrum
from above. The same behavior was found in figure 7 of [33], where vector mesons were con-
sidered also close to the meson melting transition. Note that the accuracy of our numerics

becomes insufficient at larger frequencies around o ~ 15.4

4The frequency range of validity of our fluctuation numerics increases with quark mass. However, the
numerics for the background become worse at large quark masses.
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Figure 16. The spectral function R in units of N fNCTQ /8 versus the dimensionless frequency
w = w/(27T) for massless quarks M, = 0. The distinct curves corresponds to different temperature

(for color coding see figure 14). When decreasing the temperature, peaks which correspond to
mesonic quasiparticles emerge.
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Figure 17. Finite temperature part of the spectral function R — Ry with Ry = 4mto?in units of
N;N.T?/8 versus the dimensionless frequency v = w/(27T) at finite mass m = 2.842 and chemical
potential i = 3.483. The grey lines correspond to the supersymmetric mass spectrum calculated
in [24].

6.3.3 Comments on stability

As shown in figure 18, our setup is stable with respect to the fluctuations X and Y.
Furthermore, figure 18 shows that the quasinormal modes of higher excitations n > 1 move
to larger frequencies and closer to the real axis. This corresponds to the formation of stable
massive mesons. Such a behavior is known in gauge/gravity duality for mesons which are
built from massive quarks (e.g. [33]). Thus we observe a dynamical mass generation for
the mesons as described in the following subsection.
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Figure 18. Movement of quasinormal modes under changes of the temperature 7: The different
colors indicate the different fluctuations X (red), Y (green) and a3 (blue). The higher excitations
of the fields X and Y behave as excitations with a non-zero quark mass. This indicates a dynamical
generation of the meson mass.

6.3.4 Dynamical mass generation

In this section we discuss dynamical mas generation on the field theory and on the gravity
side. For this issue, it is important to distinguish between the cases where the broken
symmetry is global or local in the boundary field theory.

Field theory observation. As explained in section 3.2, the superconducting condensate
breaks the U(1)3 symmetry spontaneously in the field theory living on the AdS boundary.
According to the Goldstone theorem this generates one massless Nambu-Goldstone boson
in the boundary field theory. Let us now discuss the two different cases:

Local U(1)3 symmetry: if the broken symmetry is gauged, the Nambu-Goldstone boson
is eaten by the gauge field A% charged under the spontaneously broken U(1)3 sym-
metry. In conventional superconductors this mechanism gives mass to the photons
which implies the Meissner-Ochsenfeld effect.

Global U(1)3 symmetry: if the broken symmetry is global, there is no dynamical gauge
field which eats the Nambu-Goldstone boson. Thus the Nambu-Goldstone boson re-
mains present in the spectrum. Since this is the case in our setup, we need to identify
this Nambu-Goldstone boson in the spectrum. In general, the Nambu-Goldstone bo-
son corresponds to the phase of the condensate which parametrizes the the coset
space U(1)3/Zg. In our setup, the fluctuations X and Y defined above (6.12) are
charged under the U(1)3 symmetry such that the Nambu-Goldstone boson can be
found in these fluctuations (see figure 18).

Although in our case the broken symmetry is global, we nevertheless observe dynam-
ical mass generation as see for instance in figures 16 and 18. Therefore in our setup, a
more subtle mechanism then the ordinary Higgs mechanism generates the meson masses
dynamically. Let us explain this mechanism in the dual gravity setup.
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Gravity explanation. According to the AdS/CFT dictionary, a global symmetry in the
boundary field theory is mapped to a local symmetry in the gravity theory. Thus the
SU(2) symmetry of the two D7-branes is local in the gravity theory. In this paper we find
new solutions to the equations of motion which non-vanishing gauge field components A3
and A}. Since the gravity action is unchanged and thus still SU(2) invariant, this non-zero
components break the SU(2) gauge symmetry spontaneously which generates in total three
Nambu-Goldstone bosons. They are eaten by the gauge fields which then become massive.
Let us now discuss the corresponding mass terms in more detail.

First we consider a non-zero SU(2) isospin chemical potential Ag which generates
the mass term (A3)2(a'?)? for the fluctuations a>2. This new term shifts the quadratic
fluctuation term in the action, i.e. its energy by the value of the field Ag. For the spectral
function of the dual field theory this results in a shift of the meson resonance peaks, see [33].

Second we consider the non-zero gauge field component A% which generates a mass term
(AD)?(a®)? for the fluctuation a®. We expect that this mass term shifts the quasinormal
frequencies of this system in the complex plane. That results in generation and shift of the
resonance peaks in the spectral function as well as generation of the gap structure in the
conductivity. To make more precise statements, the spectrum of quasinormal modes needs
to be studied in presence of these fields.

7 Meissner-Ochsenfeld effect

The Meissner effect is a distinct signature of conventional and unconventional superconduc-
tors. It is the phenomenon of expulsion of external magnetic fields. An induced current in
the superconductor generates a magnetic field counter-acting the external magnetic field H.
In AdS/CFT we are not able to observe the generation of counter-fields since the symme-
tries on the boundary are always global. Nevertheless, we can study their cause, i.e. the
current induced in the superconductor. As usual [4-6, 9, 13, 18] the philosophy here is to
weakly gauge the boundary theory afterwards.

In order to investigate how an external magnetic field influences our p-wave supercon-
ductor, we have two choices. Either we introduce the field along the spatial z-direction
H§’T3 or equivalently one along the y-direction i.e. H373. Both are “aligned” with the
spontaneously broken U(1)s-flavor direction.

As an example here we choose a non-vanishing Hng. This requires inclusion of
some more non-vanishing field strength components in addition to those given in equa-
tion (3.9). In particular we choose A3(p,x), AY(o,z) and A3(x) = z' H3 yielding the
additional components®

H = F}) = —F5) = 0143,
F113:_F311 :61A2157
F223 = —F?,22 = lA%A%,

VA

(7.1)

®Close to the phase transition, it is consistent to drop the dependence of the field H3 on o. Away form
the phase transition the o dependence must be included. From the boundary asymptotics it will be possible
to extract the magnetic field and the magnetization of the superconductor.
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Recall that the radial AdS-direction is identified by the indices either ¢ or 4. Amending
the DBI-action (3.12) with the additional components (7.1), we compute the determinant
in analogy to equation (3.12). We then choose to expand the new action to second order in
F, i.e. we only consider terms being at most quadratic in the fields. This procedure gives
the truncated DBI action

Soen =~ Tory [ 4% V=G [1 n

w (G00G33(F02 12+ GBGHU(FL)? + GOGH(F)?
F(GRP(FL + (GPP(FR) + OGP (FR + (GPP(FR?) + - } |
(7.2)

Respecting the symmetries and variable dependencies in our specific system, this can be
written as

Sppt = — Tp7Ny / ¢ V-G [1 + = <G00G33(a AR+ GBGM(0,43)? + GUGH(9,A3)?

(GO AN + (GRR + GOGH 2T (32

(2ma’)?A
OH™Y 175 _
(G33)2W(A§H§)2$2> + - ] ,
(7.3)
with the convenient redefinitions
- 2 _
A= ;T;A, v =opt, Hy=2rd'Hy, o0=omp. (7.4)

Rescaling the Z-coordinate once more

. [Hjow*y QH'y,
v 2710/\/_ (7-9)

the equations of motion derived from the action (7.3) take a simple form

23, 9 [mGOOGM] i3 Wg:)? G_?’g 5 7 GF o
0=0;A5+ 0, Ay + Dz A3 — — A3 (AL,
L V—G@GO0 44 2v/21 G4 2 o2 44
B ) _GG33G44 B 7}}3 G33 B o ,}/ G N
0=024A5+ p\[/—V—GG33G44 ] AL+ 2\/5?;@ [@%Aé—m?Aé] - 2——(A )2 AL
(7.6)

Here all metric components are understood to be evaluated at R =1 and ¢ — p.
We aim at decoupling and solving the system of partial differential equations (7.6) by
the product ansatz
A3(p, &) = 8(p) (7). (7.7)
For this ansatz to work, we need to make two assumptions: First we assume that /ng is
constant in . Second we assume that A% is small, which clearly is the case near the
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transition 7' — T,.. Our second assumption prevents A% from receiving a dependence on
Z through its coupling to Aé(p, Z). These assumptions allow to write the second equation
in (7.6) as
9, [V-GGPGM] 7 G s

Narele lel 0o8(p) = 5 5 Faa(A0) 8 (p)
v 6% a(p) 0zi(z) — (%)
2v/2m G4 §(Z)

All terms but the last one are independent of Z, so the product ansatz (7.7) is consistent

0=37a(p) +
(7.8)

_l’_

only if
031(2) — 2*}(2)
f(z)

where C' is a constant. The differential equation (7.9) has a particular solution if C' =

-0, (7.9)

—(2n 4+ 1),n € N. The solutions for f(Z) are Hermite functions

ik

e*? 7 2 dn 7 2
(@) = e (0), Hald) = (~1)re’s e (7.10)

which have Gaussian decay at large |Z| > 1. Choosing the lowest solution with n = 0 and
Hy = 1, which has no nodes, is most likely to give the configuration with lowest energy
content. So the system we need to solve is finally given by

) [ /_GGOOG44]8 - 72 G33

0= ;A5 + pMGOOGu b Oﬁ@fig(fo(@)g(m)2 : -
B 82 ap[ /—GG33G44] ,.Y2 @G0 e ,.Yf{g G33 ’
0=08+— =Ggmgu 08~ gmguth) 8- 575 s
Asymptotically near the horizon the fields take the form
A = Fal-1) +0(p-1)),
b H3 B (7.12)
g =b -0 0 -1,
while at the boundary we obtain
- d3
A =i+ +0(™Y,
p
it (7.13)
g = +p—§’ +0(p™h.

We succeed in finding numerical solutions g(p) and A3(p) to the set of equations (7.11)
obeying the asymptotics given by equations (7.12) and (7.13). These numerical solutions
are used to approach the phase transition from the superconducting phase by increasing the
magnetic field. We map out the line of critical temperature-magnetic field pairs in figure 19.
In this way we obtain a phase diagram displaying the Meissner effect. The critical line in
figure 19 separates the phase with and without superconducting condensate dg
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Figure 19. The line of critical magnetic field versus critical temperature. Below this line the
external magnetic field coexists with the superconducting condensate. Above the line the super-
conducting condensate vanishes. We set the spatial position arbitrarily to £ = 0.1 since the critical
line does not depend on 7.

We emphasize that this is a background calculation involving no fluctuations. Com-
plementary to the procedure described above we also confirmed the phase diagram using
the instability of the normal phase against fluctuations. Starting at large magnetic field
and vanishing condensate c%, we determine for a given magnetic field Hj the tempera-
ture T.(H3) at which the fluctuation a$ becomes unstable. That instability signals the
condensation process into the superconducting phase.

The presence of the coexistence phase below the critical line, where the system is still
superconducting despite the presence of an external magnetic field, is the signal of the
Meissner effect in the case of a global symmetry considered here. If we now weakly gauged
the flavor symmetry at the boundary, the superconducting current Jz} would generate a
magnetic field opposite to the external field. Thus the phase observed is a necessary
condition in the case of a global symmetry for finding the standard Meissner effect when

gauging the symmetry.

8 Discussion and outlook

We found a holographic realization of superconductivity in the context of gauge/gravity
duality with flavor at finite isospin chemical potential, for which the field theory action
is known explicitly. The condensation process corresponds to a recombination of strings
which leads to a thermodynamically favored configuration. On the field theory side, this
new state may be interpreted as a p meson superfluid. We show that the superconducting
phase persists at finite quark mass and find a holographic Meissner-Ochsenfeld effect. From
a technical point of view, we compare two different approaches for evaluating the non-
Abelian DBI action involved (expansion to fourth order and a new modified trace evaluation
procedure which we propose) and find the same physical results in both approaches, at

least qualitatively.
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For the future, we expect that a holographic s-wave superconductor may be constructed
by applying the methods presented to the transverse scalars in similar holographic setups.
It will also be interesting to apply our methods to the configuration discussed in [48] in
order to find a purely fermionic superconductor.

Acknowledgments

We are grateful to T. Dahm, S. Gubser, S. Hartnoll, C. Herzog, K. Landsteiner, R. Meyer,
A. O’Bannon, S. Pufu, F. Rust and E. Tsatis for discussions. This work was supported
in part by The Cluster of Excellence for Fundamental Physics - Origin and Structure of
the Universe.

A Expansion of the DBI action to fourth order

In this section we give some lengthy equations needed to calculate the expanded DBI action
and the resulting equations of motion (see section 3.2.2).

The 7; which determine the terms in expanded DBI action at i — th order in the field
strength are given by

T, =(2ma)? [G0GH (F)* + GHGM (Fl)* + GG (1)’
of H . - 2H _ - 2y
== 72 (9,A8)% + ?(apAzls)z W

f2H2 4H? 4yt

7 ——— (0, A" + f—(a L, A3t + i (AjAY)" — 3—F(<9PA0)2(6PA§)2
8fH~? 8HA? oy
i 30 fin? (0,A8)* (A3 AY)° — W(@,,Aé)?(AgA;,)%
(A1)
with
= L= (A.2)

1—x2+ p%(0px)?
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Using the Euler-Lagrange equation the resulting equations of motion are

9, \/—G<2:);§I (9,43 2f;H2 (9,A3)° 2?522 (9,43) (apﬁg)+%(apﬁg)(,igﬁ§)2>
IS Ay + L ayray - oA aa - Lo ap |
0 v51?<%?Kax%>—-%§}«%Aé>—+3?;<afﬁ><@¢g>+-§£%;§%;<p §XA8A§V>
— - D B A L (A AL + 0,87 (A To0, 207 a4

a[*”ff( )(px)< T T o 2% [1672 1674D
)

I+ 5 -3 - = - =
V1=x%+ p2(9,x)? 8 RZ1—x2+p%(9px)? [20G* 8OGH

_ P’ ffx
__w—%+w@me““””f@@%Q*E‘?)

04 20" (1= X*)(9px)? (1 0% 1 074
R21— 2+ p2(0,x)% \20G* 80G*

)

(A.3)
with
0L, 2R* | [ . 1
OG44 _Q%{pQ f2 (8 A ) f(a A3) s
07, 2 \4f2H - AH - -
aG:llll :Q2 p2 J;C'4 (apAg)4 + F(apAé) 3f2 (a Ag) (apA%,)Q (A4)
H

LTIy 4y
+ o (0pA0)* (A5 A3)° — —=

300 2 W(ap/lg) H(A3A5)°

B Fluctuations

B.1 Adapted symmetrized trace prescription

In this section we present the elements of the inverse background tensor G* defined in

section 6.1. The diagonal elements are given by

00 __ O
g G N ;
1+ GOOG44(3 A3)
33 33
Gg” =G i ,
2 ~, o~
g — g™ 7r22p4f2 (4345)”
— i ,
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where the other diagonal elements are just G = G*. The off-diagonal elements read

Ggg(ap;l:ls)Tl Ry A Azlsﬁg(ap;lg)TZT?’

34 44 ™S o
=G
g N )
~ o
gl — gu —GP(9, AT — 2 B ALAG (0, 48) 7?7
N N

R SEALAR? + B Gh(9,4)(9, AT

g03 = |
oup*f N )
g _ AR 9T+ EGN0,4)(@3, Ay)r! et
B 030 f? N
g1 = g QoA 52 O A OpAre
o _ oo =0 - PR R0, Ryl

The denominator N is given by
- - 9~2 .
N =1+ GBG*(9,AL)2 + GOG*(9,A3)% — %P(A}%Ag)? (B.2)
Tp
B.2 Expansion of the DBI action to fourth order
In this section we calculate the quadratic action for the fluctuations using the expanded
DBI action as explained in section 6.2. Since the fluctuation a3 decouples from every other

fluctuation we can write down an effective Lagrangian for this fluctuation. This Lagrangian
is given by

Ezfgf — \/jStr %G22G44(F234)2(0'3)2 4 %GOOG22(F69’2)2(0'3)2 4 %G22G33(F223)2(0'2)2
+ %G33G44(F314)2 [GOOGQQ(FOBQ)Q(O_?)OJ)Q_G22G44(F234)2(0_30,1)2_G22G33(F223)2(0_20,1)2]
+ iGOOGB?’(FO%)Q [G22G44(F234)2(O'30'2)2 _GOOG22(F652)2(0_30_2)2 —G22G33(F223)2(O'2)4]
4 3G00G44(F§4)2 [G22G33(F223)2(0'30'2)2 _GOOG22(F(§S2)2(O_3)4 _G22G44(F1234)2(0,3)4]
£ GGG G [(FR) () (F3) ()0 0%~ () (P () () o))

— GUGPGEGY(Fy) (Fyy) (Fiy) (F5y) o' o?(0%)? -

(B.3)
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Using the results for the symmetrized traces (3.28), the effective Lagrangian simplifies to
ﬁ:;éf —/—G BG2QG44(F24)2 4 %GOOGQZ(FO%)Z 4 %G22G33(F223)2
+ %G33G44(F314)2 [G00G22(F032)2 _ GRGM(ER)? - G22G33(F223)2]
+ %GOOG44(FS’4)2 EG22G33(F223)2 _ %G22G44(F234)2 _ %GOOG22(F(?2)2] (B.4)
4 %GOOG33(F()23)2 [—%GOOGQQ(E‘E)Q _ %G22G33(F223)2 4 §G22G44(F234)2}
— SEGRGHG (F) (F) (FE) (FR)

To simplify the equation of motion for the fluctuation a3 (see (6.15)) we define

1 . 1 . 1 0% s\ 2
HOO — GO0 |1 4 §G33G44(8,,A?1))2 _ §GOOG44(8,,A3)2 CH 0033 <1A§A3> :

3 R* V2
H33 _ G33 _1 1G33G44 o Al 2 1G00G44 o A{% 2 1 93‘1{ GOOG33 Y AlAS 7]
- _g (PS)_g (pO)_iﬁ 413410 )

1 - 1 - 1 0%
H44 _ G44 1— §G33G44(8p14é)2 _ §GOOG44(apAg)2 + gR_IiGOOGSB (

SRR
o:o]tf
&3
—

(B.5)
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